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CONFORMAL ACTIONS OF sl,(R) AND SL,(R) x R"
ON LORENTZ MANIFOLDS

SCOT ADAMS AND GARRETT STUCK

ABSTRACT. We prove that, for n > 3, a locally faithful action of SLy, (R) x R™
or of SL,(R) by conformal transformations of a connected Lorentz manifold
must be a proper action.

1. INTRODUCTION

In [Kow96], N. Kowalsky proved (among other things) that any nontrivial iso-
metric action of SL, (R), n > 3, on a Lorentz manifold must be proper. In [AS97],
we proved the stronger result that any nontrivial isometric action of SL,,(R) x R"™,
n > 3, on a Lorentz manifold is proper. In this paper, we extend both of these
results to conformal actions. Specifically, we prove (Theorems and [[o.) that a
locally faithful action of SL,(R) or SL,(R) x R™, n > 3, by conformal transforma-
tions of a Lorentz manifold M must be a proper action.

Many of the the techniques used in this paper can be applied to other groups, and
may lead to our ultimate goal of characterizing the connected Lie groups that admit
a nonproper, faithful action on a Lorentz manifold by isometries or by conformal
transformations.

The problem of characterizing the connected Lie groups that can act nonproperly
and isometrically on a compact Lorentz manifold was solved in [AS95] and [Zeg95).

Since there is a two-sheeted covering map from SLa(R) to the identity component
of SO(1,2), there is a locally faithful action by isometric linear transformations of
SLo(R) on the Minkowski 3-space. This action fixes the origin, and is therefore
nonproper. Thus the restriction n > 3 cannot be relaxed.

Note that if A is a Lie group and there is a conformal action of Aut(A4)° x A on
a Lorentz manifold such that the restriction to A is nonproper, then any connected
Lie group with a normal subgroup A’ isomorphic to A admits a conformal action
such that A’ is nonproper. This fact will be proved in a future paper. (See Corollary
4.4 and Lemma 3.6 of [A99].) Since Aut(R"™) is GL(n,R), it is reasonable to ask
whether GL(n,R)? x R has an action such that R™ is nonproper. This paper shows
that the answer is no for n > 3.
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help (see §ITl) with some representation theoretic questions; D. Witte for help in
resolving a variety of Lie algebraic problems; and P. Olver for help with §I31
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2. GLOBAL DEFINITIONS

Throughout this paper, “vector space” means “real vector space”, “manifold”
means “real manifold”, and “Lie group” means “real Lie group”. All tensors will
be assumed to be smooth (C*).

Let V be a vector space. If v € V and if v; is a sequence in V, then v; converges
in direction to v if Rv; — Rv in the topological space of linear subspaces of V.

We denote by SBF(V) the set of symmetric bilinear forms on V.

If V and W are vector spaces and f : V — W is a function, then f is a
polynomial map if, for every linear map L : R — V and for every linear map
T : W — R, the composition T o fo L : R — R is a polynomial function.

Let S and T be tensors on a manifold M defined near a point m € M. We say
that S vanishes to order k at m if S vanishes at m and if, for all I € {1,... ,k},
for all vector fields X1,...,X; on M, we have that (Lx,Lx, -+ Lx,)(S) vanishes
at m. We say that S and T agree to order k at m if S — T vanishes to order k
at m.

A vector field X on R" is homogeneous of order k if X (z)=>""_, p;(2)(d/0x;),
where each p; is a homogeneous polynomial of degree k. We say that X is constant
if it is homogeneous of degree 0 (i.e., a constant linear combination of the coordinate
vector fields 0/0z;); linear if it is homogeneous of degree 1; quadratic if it is
homogeneous of degree 2; and cubic if it is homogeneous of degree 3.

A vector field X on a vector space V' defined near zero is constant (resp. linear,
quadratic, cubic) if there is an isomorphism between V and R4™ Y under which
X corresponds to a constant (resp. linear, quadratic, cubic) vector field near zero.

A quadratic differential on a manifold is a smoothly varying system of qua-
dratic forms, one on each tangent space of the manifold.

A quadratic differential on a vector space V is constant if, for all v € V, it is
invariant under w —v+w:V — V.

Let V be a vector space with quadratic form . Then SO(Q) is the Lie group of
orientation-preserving linear transformations of V' preserving @, and so(Q) is the
Lie algebra of SO(Q). We can identify so(Q)) with the Lie algebra of linear vector
fields X on V whose associated flow preserves Q. Also, CO(V) is the Lie group
of orientation-preserving linear transformations of V' that preserve the line RQ in
the space of quadratic forms on V. The corresponding Lie algebra is co(V). If g
is the flat pseudo-Riemannian metric on V' corresponding to @, then co(Q) can be
identified with the collection of all linear vector fields X on V such that Lxg = cg
for some constant ¢ € R.

If X is a locally compact first-countable topological space and {z;} is a sequence
in X, then x; goes to infinity if, for every compact set K C X, for all but a finite
number of i, we have z; ¢ K.

A continuous action of a locally compact first-countable group G on a locally
compact, first-countable topological space X is proper if {g € G|gK N K # 0}
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is compact for every compact K C X. A sequence {¢;} in G is a nonproper
sequence if:

1. g; — o in G; and
2. there exists a sequence {z;} in X such that {z;} and {g;x;} are both conver-
gent sequences in X.

Note that the G-action is nonproper if and only if there is a nonproper sequence in
G. If {g;} is a nonproper sequence, then so is {g[l}.

If {gi}, {hi} are sequences in a locally compact, first-countable group G, then
h; is a bounded perturbation of g; if there are convergent sequences {k;}, {l;}
in G with h; = k;g;l; for all i. A bounded perturbation of a nonproper sequence is
again a nonproper sequence.

Let a Lie group G act on a pseudo-Riemannian manifold (M, g). For m € M
let E,, : G — M, E,(h) = hm be the orbit map, and let e, : g — T;, M be the
differential of E,, at 1g. Let By, := €,(gm), 80 By, is a symmetric bilinear form
on g. If V C gis asubspace and if m € M, then V is isotropic at m if V is
B,,-isotropic, i.e., By,|V is zero. A subspace V C g is somewhere isotropic if
there exists m € M such that V' is isotropic at m.

For m € M, let G,,, := Stabg(m) and let g, be the Lie algebra of G,,. Let
D, : Gy — (0,00) be the homomorphism defined by

i (v, hw) = (@ (R)][gm (v, w))],

forv,w € T,,M, h € Gy,,. Let ¢, : g — R be the differential of ®,, at 15. Let
GV be the kernel of ®,,, and let g% be the corresponding Lie algebra.

Let G be a connected semisimple Lie group with finite center and let a be a
maximal split torus in g. Then I'(g,a) is the set of roots of g with respect to a.

For each o € T', let g, be the root space of a. For A € a, let FX = Fz(g,a) =

{a €T |a(A) > 0} and nj(g,a) := @ Fa-

a€cl'y

3. MISCELLANEOUS ALGEBRAIC RESULTS

Lemma 3.1. Suppose that Q is a quadratic form on a vector space W. Let X €
co(Q) and let V.C W be a subspace. Assume that X2(V) C ker Q. Then X (V) is
isotropic.

Proof. Let (-, -) be the symmetric bilinear form associated to Q. Fix vg € V. We
wish to show that (X (vg), X (vo)) = 0.

Let I : W — W be the identity transformation. Choose o € R and Xy € s50(Q)
such that X = X + al. Since Xy € s0(Q), we have (X (v), Xo(v)) = —(XZ(v),v)
and (Xo(v),v) =0 for all v € V. Thus

(X (v), X (v)) = (Xo(v), Xo(v)) + 20(Xo(v), v) + a*(v,v)
= —<X§(U>, U> + a2<va U)a
and
0= (X*(v),v) = (X5 (v) + 2aXo(v) + a’v, v)
= (X3 (v),v) + a*(v,v),
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so —(XZ(v),v) = a?{v,v). Thus (X (v), X (v)) = 2a2(v,v). Replacing v by X (vp)
in this last equation, we have

0= (X2(vo), X%(v0)) = 20(X (v9), X (v0)) = 4 (vg, vo).

Thus, either & = 0 or {(vg,v9) = 0. In either case, we have 2a2(vg,vg) = 0, so
(X (v0), X (v0)) = 2a?({vg,v) = 0. O

The proof of the following lemma is a simple exercise.

Lemma 3.2. Let n > 3 be an integer. Then SL,(R) has no closed subgroups of
codimension-one.

Lemma 3.3. Let g := sl3(R) and let a C g be the mazimal split torus consisting
of all diagonal matrices of trace zero. Suppose that b is a Lie subalgebra of g and
a C h. Suppose that the codimension in g of h is 2. Then there exists a Lie
subalgebra go C b isomorphic to sla(R).

Proof. Because a C § it follows that b is a direct sum of a and a collection of root
spaces in g with respect to a. That is, there is a subset S C {E12, Fa3, E13, E21, E32,
FEs1} such that

h=a®d (@ Rs) ,
seS
where E;; € gl3(R) is the matrix with a 1 in the (¢,j) entry, and with zeroes
everywhere else.

Since the codimension in g of h is 2, we conclude that |S| = 4. Therefore, there
exist 4,7 € {1,2,3} such that ¢ # j and E;;, Ej; € S. Therefore, h contains the Lie
subalgebra go generated by E;; and Ej;. Since go is isomorphic to sl(R), we are
done. |

4. NONPROPER CONFORMAL ACTIONS

The results in this section are basically due to Kowalsky.
Let a Lie group G act on a pseudo-Riemannian manifold (M, g) by conformal
transformations. Let ® : G x M — (0, 00) be the conformal cocycle defined by

Ihm (hv, hw) = ®(h,m)[gm (v, w)].

A sequence g; — oo in G is nonproper with bounded conformal factors
if there exist two convergent sequences m; — Mmoo and m; — ml_ in M such that
gim; = m}, and such that, for some C > 0, for all 7, we have ®(g;,m;) < C.

A sequence g; — oo in G is nonproper with conformal factors bounded
away from zero if there exist m; — mo, and m} — m._ in M such that g;m; = m;
and, for some C > 0, for all 4, we have ®(g;,m;) > C. The proofs of the next two
lemmas are straightforward, and are left to the reader.

Lemma 4.1. Let g; € G be a sequence. Then g; is a nonproper sequence with
bounded conformal factors if and only if g;l is nonproper with conformal factors
bounded away from zero.

Lemma 4.2. Let g; be a nonproper sequence. Then, after passing to a subsequence,
either g; is nonproper with bounded conformal factors, or else gi_1 18 nonproper with
bounded conformal factors.
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Versions of the remaining results were proved in [AS97] for isometric actions. For
isometric actions, ®(g, m) = 1. By Lemma B2, any nonproper sequence g; can be
replaced by a nonproper sequence with bounded conformal factors so that ®(g;, m;)
is uniformly bounded. Since boundedness is the only property of ®(g;, m;) that was
used in the proofs of [AS97, 3.1-3.5], the same proofs work in the conformal case.

Lemma 4.3. Let W; and X; be convergent sequences in g and let Y, Z € g. Let g;
be a sequence in G, let m; be a convergent sequence in M and let m € M. Assume
that g;m; — m in M. Assume that there is some C > 0 such that, for all i, we have
D(g;,m;) < C. Assume that {(Ad g;,)W;};i goes to infinity in g, but converges in
direction to Y. Assume that (Ad g;)X; does not converge to zero in g, and converges
in direction to Z as i — oo. Then By, (Y,Z) = 0.

Corollary 4.4. Let {X}};,... ,{X}F}; be k convergent sequences in g and let
Y,...,Y* € g. Let g; be a nonproper sequence in G with bounded conformal
factors. Assume, for all j € {1,...,k}, that {(Adgi)Xij}i is divergent in g, but
converges in direction to Y. Then the span of Y1, ... ,Y* is somewhere isotropic.

Corollary 4.5. Let S C g be a subset. Let g; be a nonproper sequence in G with
bounded conformal factors. Assume, for all X € S, that (Adg;))X — oo in g.
Assume, for all X € S, that {(Ad g;) X }; converges in direction to a vector Yx € g
as i — oo. Then the span of {Yx | X € S} is somewhere isotropic.

Corollary 4.6. Let S C g be a subset. Let g; be a nonproper sequence in G with
conformal factors bounded away from zero. Assume, for all X € S, that (Ad g;) X —
0 in g. Then the span of S is somewhere isotropic.

Recall that nj(g, a) is defined in §2

Lemma 4.7. Assume that G is a connected semisimple Lie group with finite center.
Let a be a mazximal split torus in g. If the action of G on M is nonproper, then
there exists Ao € a\{0} such that nj‘fo (g,a) is somewhere isotropic.

5. CONFORMAL FLOWS AND TRANSFORMATIONS
Let (M, g) be a pseudo-Riemannian manifold.

Lemma 5.1. Suppose that R acts by conformal transformations of (M,g) fizing
mo € M. Let (t,v) — tyv: R x Ty M — T, M be the differential action at my.
If there is a nonisotropic vector vg € Ty, M such that t — t,vg : R — T M is a
polynomial map, then gm, (v, tw) = gmy (v, w) for all v,w € T, M and t € R.

Proof. Choose a € R such that, for all v,w € T, M, for all t € R, we have
Gmo (L, tw) = eatgmo (v, w).

Since g, (t+vo, txvo) = €**g(vg, vp) is a polynomial function of ¢ and gy, (vo, vo) #
0, it follows that a must be 0. |

The next result is the pseudo-Riemannian analogue of [Kow96, Lemma 6.4].

Lemma 5.2. Suppose that a Lie group G acts by conformal transformations of
(M,g). Suppose that H is a connected subgroup of G such that Adg(H) C GL(g)
consists of unipotent transformations of g and H fixes a point mg € M. Let (h,v) —
how : H X Ty M — T M be the isotropy representation at mg. Assume that
B, # 0. Then, for all vyw € T, M, for all h € H, we have gm,(hv, how) =
Gmoo (U, W).
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Proof. Because B,,, # 0, we can choose Xy € g such that B,,,(Xo, Xo) # 0. Let
Vo 1= €my(Xo) € Ty M. For any X € b, the map

t = g, (exp(tX)xvo, exp(tX).vo)
= By (Ad(exp(tX)). Xo, (Ad(exp(tX)). Xo)
= B, ((exptad X).Xo, (exptad X).Xo)

is a polynomial since ad X is nilpotent. The result now follows from Lemmal[G. Il O

Lemma 5.3. Suppose M is connected of dimension greater than two and X is a

vector field on M. If Lx(g) = f g for some f € C*°(M), and X vanishes to order
two at some mg € M, then X = 0.

Proof. By [GroR88, §0.3.A’, Example (4)], the conformal class of g is 2-rigid. In
[Gro88], the second of the two sections labeled §0.3.A contains an assertion which
implies that because of this 2-rigidity, if X vanishes to order two at some m € M,
then X vanishes at every point in a neighborhood of m, and therefore vanishes to
order two at every point of that neighborhood.

Consequently, the set of points in M where X vanishes to order two is open. It

is also closed, and so, by connectedness of M, we conclude that S = M. Therefore
X =0. O

Let G be a connected Lie group acting locally faithfully by conformal trans-
formations of a pseudo-Riemannian manifold (M, g). Fix a point mg € M. Let
Dy : Gy — (0,00) be the homomorphism defined by

g(hv, hw) = [®o(h)][g(v, w)].
Let GY,, be the kernel of .
Lemma 5.4. If X € g?no, then
[(adg X)(@)] N [(adg X) ™" (gm, )]
18 1sotropic at my.

Proof. FixY € [(adg X)(g)]N[(adg X) ' (gm,)]. We wish to show that B,,,(Y,Y) =
0. Since Y € (ady X)(g), we can choose W € g such that

Y = (adg X)W = [ X, W].
Since X € g, ., we have
B (X, W],Y) + B, (W, [X,Y]) = 0.
Since Y € (adg X) ™ *(gm, ), we conclude that
[X,Y] = (adg X)Y € g, C ker(Byy,).
Thus, as desired,

Bmo(Ya Y) = Bmo([Xv W],Y) = _Bmo(VVv [Xa Y]) =0. 0O
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6. DYNAMICS ON LORENTZ MANIFOLDS

Let (M, g) be a Lorentz manifold, and let G be a connected Lie group acting on
M. Recall that Fy : G — M is defined by Ey(h) = hmg, and e : g — Trn M is the
differential at 14 of Ej.

The following lemma was proved in [AS97, Lemma 4.1].

Lemma 6.1. If V C g is a subspace isotropic at mo € M, then gm, contains a
codimension-one subspace of V.

Lemma 6.2. If n C g is a nilpotent subalgebra of g that is isotropic at mg, then
[n7 n] g ng'

Proof. Let ng := gm, Nn. By Lemma we know that the codimension in n of
ng is < 1. Since a proper Lie subalgebra of a nilpotent Lie algebra is never self-
normalizing, ng is an ideal in n. Since n/ng has dimension < 1, we conclude that
[, 1] Cng C G- O

Lemma 6.3. Let V C g be a subspace that is isotropic at mgo. If W C 'V is a
proper subspace and (VA\W) N gm, = 0, then W C gy -

Proof. By Lemma 6], the codimension in V of VN gy, is < 1. As V Ngpm, =
WNgm,, we conclude that the codimension in V of WNgy,, is < 1,s0 W C gp,,. O

Lemma 6.4. Suppose that a Lie group G acts by conformal transformations on
M. Let my € M. Suppose that H is a connected Lie subgroup of Gy, such
that Adg(H) C GL(g) consists of unipotent transformations of g. Assume that
dim G, < (dimG) — 2. Then, for all vyw € Ty M, for all h € H, we have
Imo (hsv, huw) = gy (v, w).

Proof. We have that dim(eg(g)) = dim(g) — dim(ker(eg)) > 2, so eg(g) C T, M is
not isotropic. By Lemma 5.2l we are done. O

7. PROPERNESS OF SL3(R)

We show here that a locally faithful, conformal action of G := SL3(R) on a
connected Lorentz manifold (M,g) must be proper. Much of this argument is
motivated by Kowalsky’s proof that this is true under the stronger assumption
that the action be isometric.

Let H;; := E;; — Ej;, and let I3 be the 3 x 3 identity matrix. Let nt :=
RE12 ® RE23 @ RE;3 be the Lie subalgebra of upper triangular nilpotent 3 x 3
matrices in sl3(R) and let n~ := REy @ RE32 @ RE3; be the subalgebra of lower
triangular nilpotent 3 x 3 matrices.

Let a be the maximal split torus in g consisting of diagonal matrices of trace
zero. Recall from §2 the definitions of I'} = I'f(g,a) and of n}y = nf(g,a), for
Ae€a.

Define a1, as € a* by

o1 (zE11 + yFas + 2zE33) = — vy,
ag(zE11 + yFas + zE33) =y — 2.

Lemma 7.1. If G acts nonproperly on M, then there exists m € M such that
E13 € Om-
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Proof. By Lemma @7, we can choose Ap € a\{0} and m{ € M such that njo is
isotropic at my).

Choose gg € Ng(a) such that 4; := (Ad gg) Ag satisfies a1 (A1) > 0 and az(A;) >
0. Then "Zl is isotropic at mq := gomy,.

We shall assume that a;(A41) > 0 (the case ag(A4;1) > 0 is similar). Now

ar,ar +ag €T,

S0 goy C 0, and ga,4a, C 0Y, -
By Lemma [61] sFE12 + tE13 € g, for some (s,t) € R2\{(0,0)}. If s = 0, then
E13 € gm,, and we are done. If s # 0, let g1 := E11 — Eas + E32 + (t/s)Ess3, and

let m := gymy. Then
sE3 = (Adgg1)(sE12 + tE13) € gm,
so B3 € Im- O

Lemma 7.2. There are no fized points for the action of G on M, i.e., G, # G
for allm e M.

Proof. Suppose that G fixes m. We wish to obtain a contradiction.

Because G has split rank two, while SO(g,,) has split rank one, the isotropy
representation F' : G — CO(g,,) cannot be injective. As G is a simple center-free
Lie group, we conclude that F' is trivial.

Then, by Thurston’s Stability Theorem [Thur74, Theorem 3, p. 348], there is a
nontrivial homomorphism G — R. However, |G, G] = G, so this is impossible. O

Recall from §21that G, is the kernel of the homomorphism ®,, : G,,, — (0,00),
and ¢, : g, — R is the differential at the identity of ®,,.

Lemma 7.3. If X € g, is nilpotent (as a matriz), then X € g¥, .

Proof. Lemma B.2] and Lemma [(.2] imply that dim G,,, < (dimG) — 2. Let H :=
{exp(tX)|t € R}. Since X is nilpotent, Adg(H) C GL(g) consists of unipotent
transformations. Therefore, by Lemma 6.4, we are done. O

Lemma 7.4. Assume that G acts nonproperly on M. Then there exists mg € M
such that Hiz € gmy,-

Proof. By LemmalZd] choose m € M such that Ej3 € g,,. It suffices to show, for
some t > 0 and some g € G, that (Adg g)(tH13) € gm.

For all t > 0, let S; be the set of elements X € g such that the eigenvalues of
the matrix X € g = sl3(R) are ¢, 0 and —¢. Let S := USt' For all ¢ > 0 and all

>0
X € S, there exists g € G such that (Ady g)X = tHy3. So it suffices to show that

SNOgm # 0.

We therefore assume that S N g,, = 0, and aim for a contradiction.

Let V4 := RH13 ® RE15> & REs3 and Wy := RE;5 & REs3. Matrix computation
shows that

Vi C [(adg E13)(g)] N [(adg F13) ' (RE13)].

Since E13 € g, it follows from Lemma [73] that E13 € g°,. So, by Lemma [5:4] we
see that V; is isotropic at m. Since Vi\W; C S, we conclude, by Lemma [6:3] that
W1 C gm- So E1z, Ea3 € g,
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Let Vo := RH13 ® RE3, and Wy := RE3,. Matrix computation shows that
Va C [(adg E12)(g)] N [(adg Er2) ™" (RE12)).

Since E13 € gy, it follows from Lemma [733 that E1o € g°,. So, by Lemma 541 we
see that V5 is isotropic at m. Since Vo\Wa C S, we conclude, by Lemma [6.3] that
W3 C gm. So E32 € g

Let V3 := RHy3 @ RFE5; and W3 := RE5;. An argument similar to the one in
the preceding paragraph shows that Fs € gg,.

Since Fis, Fos3, F32, Fa1 € g, generate the Lie algebra g, we conclude that g =
Om, S0 G = Gyy,. This contradicts Lemma [T2. O

Lemma 7.5. Let mg € M. Assume that H € ang),  and a1 (H) > 0 and aa(H) >
0.

If ¢y (H) <0, then n" is isotropic at mq.

If ¢y (H) < 0, then a @ nt is isotropic at myg.

If ¢y (H) > 0, then n™ is isotropic at mq.

If ¢mo(H) > 0, then a ®n~ is isotropic at my.

L

Proof. We only prove 1; the proofs of 2, 3 and 4 are similar.
Fix E,E" € {Ei2, Es3, E13}. Let T := adg(H) : g — g. Choose a,a’ € R such
that T(F) = aFE and T(E') = a’E’. Then a > 0 and a’ > 0. Let b := ¢, (H) < 0.
By differentiating the definition of ®,,,, we get

B, (T(E)7 E/) + B, (Ea T(E/)) = [¢mo (H)][Bmo (E7 E/)]

Thus aBy,,(E,E') + o/ By (E, E') = bBp,,(E, E’). Since a,a’ > 0 and b < 0, we
conclude that By, (E, E’) = 0, as desired. O

Corollary 7.6. Letmg e M. If H € ang?, , a1(H) > 0 and az(H) > 0, then n™
and n~ are isotropic at myg.

Lemma 7.7. Let mg € M. If Hi3 € g?no, then a C gp, -

Proof. Since a is two-dimensional and since RH13 C 99n0 C gm,, it suffices to show
that (a\RH13) N g, # 0.

Since Hiz € g?no, by Corollary[7.6] n™ and n™~ are isotropic at my.

By Lemmal6.2] since nt is isotropic at mg, we have [n™,n"] C g, 50 E13 € gim,-
Moreover, by Lemma [6.1] we can choose p, ¢ € R such that pE12 + ¢Ea3 € gm, and
(p,q) £ (0,0).

Similarly, n™ is isotropic at mg, so E31 € gm, and we can choose r, s € R such
that rE9; + sE32 € gm, and (r,s) # (0,0).

Then pE3y — qEo1 = [E31,pE12 + qFE23] € gy, s0

pq(—E11 + 2E33 — Es3) = [pE12 + qF23,pE32 — qF21] € g, -

If pg # 0, then pg(—E11 + 2FE25 — E33) € a\RH;3, and we are done.

Let @ := gm, and J := Hiy3. Then J € g?no by assumption. We consider two
cases:

Case 1. Suppose p =0 and ¢ # 0. Then Es3 € gy, 50

$Haz = [Eag, rE21 4 $E33] € gim,-

If s # 0, then sHas € a\RH;3, and we are done. Therefore, we can assume that
s = 0, which implies that Eo1 € gm,. Set Z := —F9;, J' := Hy2, Y := Ej5 and
W .= Elg.
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Case 2. Suppose p # 0 and ¢ = 0. Then Ejs € gy, SO
rHio = [E12,7E21 + sE32] € gim,-

If r # 0, then rHio € a\RH;3, and we are done. Therefore, we can assume that
r = 0, which implies that F3s € gpm,. Set Z := —F39, J' := Ha3, Y := Es3 and
W .= E23.

In both Case 1 and Case 2, Z € gy, Z € g = sl3(R) is nilpotent, J' € a\RH;3,
W €n' and

[, W] =W, [J,aZ]:_2Za [Z,Y]:J,:[Z,W].

We conclude from Lemma [7.3] that Z € g?no. As J' € a\RHs, it suffices to show
that J' € gp,-
Thus, following [Kow96], pp. 631-632]

QW,W)=0 because nT is isotropic,
QU W) =Q(J, [JW]) = =Q([J.J'],W)
=-Q(0,W)=0 because J € g?no,
QU J) =Q(2,Y],J) =-Q(Y,[Z,J])
=QY,22)=0 because Z € g?no C ker(Q).
This proves that R.J’ @ RW is isotropic at mg. By Lemma Bl choose a,b € R,
such that aJ' + bW € g,,,, and (a,b) # (0,0).

If b = 0, then J' € g,,, and we are done. On the other hand, if b # 0, then
bW = [J,aJ 4+ bW] € gy, 50 W € gy, 50 J' = [Z, W] € G- O

Lemma 7.8. If Hiz € g, then a C gy, -

Proof. 1f Hy3 € g2, ,» the preceding lemma implies that a C g?no. So we may assume
that Hiz ¢ g, , i.e., Oy (Hiz) # 0. We shall assume that ®,,,(H13) < 0. The
proof when ®,,,(Hi3) 0 is similar.

Then, (2) of Lemma [Z5] implies that a @& n* is isotropic at mg. Therefore, by
Lemma 6] g, N (a @ nT) has codimension at most 1 in a@®n™.

Since adg(Hi3) : g — g is real diagonalizable and since this map preserves
Gmo N (a®n™), it follows that g, (aNnt) = (gm, Na) B (gme D0T). If gy Na = a,
then we are done. So assume that g,,, Na # a. Then g,,, "n" =n*t, sont C g,-

It follows from Lemma [7.3] that n* C g, . We calculate that

RH12 ® RE3 C [(adg E12)(9)] N [(adg E12) ™" (RE1)].

Lemma B4 implies that RH15 & RE35 is isotropic at mg. By Lemma B, choose
a,b € R, such that aHi2 + bEs33 € g, and (a,bd) # (0,0).
If b = 0, we are done. If not, then since Ea3 € gp,,

—bH3 = aFs3 + [aHia + bEs3, Eag] € gme. O

Lemma 7.9. If mg € M and if a C gm,, then there is a codimension-two subspace
W of n™ @n~ such that W C g, -

Proof. Let X := Hyz+ 2Ho3. If X € g?no, then by Corollary[7.6] n™ and n™ are
isotropic at mg. By Lemma B, (g, N1") @ (gm, N0~ ) has codimension at most
two in nt @ n~, and the lemma follows.

We therefore assume that X ¢ g% . i.e., that ®,,,(X) # 0.
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Let S := {:l:]., +4, :|:5} and let £ := {Elg, Egg, E13, E21, Egg, E31} For all a € S,
there exists a unique E € £ such that (adg X)E = aE. Moreover, the linear span
of Eisnt dn.

By Lemma 6.1, it suffices to show that there is a codimension-one subspace
V Ccnt @n~ that V is isotropic at myg.

Let T := {(a,a’) € S x S|a <a'}. Let

U:={(a,a’) € SxS|a<ad and a+a" #0}.
Define A : T — Z by A(a,a’) = a+ a’. Then A|U is injective, so we can choose
(ao, apy) € U such that ®,,,(X) ¢ A(U\{(ao,ap)})-

Let T := T\{(ao,a})}. Let U := U\{(ao,a})}. Then ®,,,(X) ¢ A(U). More-
over, By, (X) 70, 50 By (X) ¢ AD) U{0} = A(T),

Let Ep be the unique element of £ such that (adg X)Ey = aoEy. It suffices to
prove that the linear span of € := E\{Ey} is isotropic at mq.

Fix E,E' € £. Choose a,a’ € S such that (ady X)E = aF and (ady X)E' =
a'E’. By interchanging F and E’, if necessary, we may assume that a < a’. Then
(a,a’) €T.

Now E € &, 50 E # Ey, so a # ag, so (a,a’) € T\{(ap,ah)} = T. Then
a+a = Ala,a’) € A(T), while ®,,,(X) ¢ A(T). Thus

a+a # &, (X).
By differentiating the definition of ®,,,, we get
B, ((adg X)E, E') + By (E, (adg X)E') = [@1,, (X)][Bim, (E, E")].
Since (adg X)E = oF and (adg X)E' = o' E’, we have
B (Bs E'Y] + 0/ [Byng (B, E'Y] = [®ng (X)] [ B (B, B,

80 [a + @' — @y (X)][Bmo (E, E')] = 0. Since a + a’ — @,,,(X) # 0, we conclude
that By, (E, E') =0, as desired. O

Lemma 7.10. If mg € M and if a C gn,, then the codimension in g of gm, is at
most 2.

Proof. Choose mg as in Lemmal[Z8, so that a C g,,,. By Lemma [Z9] there is a
codimension-two subspace W of n* @ n~ such that W C g,,,,.

Now dimn* = dimn~ = 3, so dim W = 4 and dim(a® W) = 6. Since dimg = 8,
the codimension in g of a ® W is 2. We conclude that the codimension in g of g,
is <2sincea® W C g, O

Theorem 7.11. The action of G = SL3(R) on M 1is proper.

Proof. Assume for a contradiction that G acts nonproperly. Choose mg as in
Lemma [[4. Then by Lemmas and [ZI0, a C g, and dim g,,, < (dimg) — 2.
By Lemmas B2l and [Z2] we see that the codimension in g of g,,, must be 2.

Define Ey : G — M by Eo(g) = gmo and let eg : ¢ — Ty M be the differential at
1g of Ep. Let V :=eg(g). Then ey descends to a Gp,,-equivariant isomorphism of
vector spaces € : §/gm, — V since gm, = ker(ep). Because dim V' = dim(g/gm,) =
2, the restriction to V of the Minkowski form ¢,,, is nonzero.

Because a C g, and because dim g,,, = (dim g) — 2, it follows from Lemma
that there is a Lie subalgebra § C g,,, isomorphic to slz(R).

The isotropy representation of h on T, ,M preserves V and a nonzero symmetric
bilinear form on V. The representation of h = sl3(R) on V is completely reducible.
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Since sl2(R) has no nontrivial one-dimensional representations, this is either trivial
or irreducible. The canonical representation of sl(R) on R? is, up to isomorphism,
the only irreducible two-dimensional representation of sly(R), and it does not pre-
serve a nonzero symmetric bilinear form; therefore, the representation of h on V is
trivial.

Because gy provides an isomorphism between the adjoint representation of § on
9/9m, and the representation of h on V| we conclude that the adjoint representation
of b on g/gm, is trivial.

However, because g is simple, the adjoint representation of g on g/gm,, is faithful.
This gives the desired contradiction. O

8. PROPERNESS OF SL,(R)

We show here that a locally faithful, conformal action of G := SL,(R) on a
connected Lorentz manifold M must be proper if n > 3.

Let a be the maximal split torus in g consisting of diagonal matrices of trace zero.
Recall from §2 the definitions of T' = I'(g,a), I'} = I'{(g,a) and of n}j = n;(g, a)
for A € a. For each o € T let g,, be the root space of «.

Lemma 8.1. Let Ay € a\{0}. Then there ezists a closed subgroup H of G such
that H is isomorphic to SL3(R) and dim(h N njgo) > 2.

Proof. Let aq,... ,a, be, respectively, the (1,1),...,(n,n) entries of Ay, i.e., the
entries down the diagonal. We may assume, after permutation of vectors in the
standard basis (if necessary), that a; > az > ag or that a3 > az > as. In the
former case, E1o, Fh3 € njgo. In the latter case, FEa3, F13 € njo. In either case, we
may let H be the copy of SL3(R) embedded in the upper left corner of G. |

Theorem 8.2. The action of G = SL,(R) on M is proper.

Proof. Assume for a contradiction that the action is nonproper. By Lemma [E7]
we can choose Ag € a and mg € M such that nj‘fo is isotropic at my.

Choose H as in Lemma Rl Then H is isomorphic to SL3(R) and h N n;’;o is
isotropic at mg and has dimension at least 2. Thus by Lemma [6.] §,,, N njgo =
hnN njgo N gm, has dimension at least 1.

Since every element of njo is Adg-nilpotent, every element of the corresponding
connected subgroup of G is Adg-unipotent. Thus the subgroup of H generated

by B, N n;’;o is not precompact. Thus H acts nonproperly on M, contradicting
Theorem [Z.TT1. O

9. ActIONS OF SL,(R) x R™

Fix an integer n > 3. Let M be a connected Lorentz manifold and suppose the Lie
group G := SL,(R) x R™ acts locally faithfully on M by conformal transformations.
Eventually, we will show that the action of G is proper. In this section we show
that if the action of G is nonproper, then the action of the subgroup R™ on M is
nonproper.

Let K := SO(n). Let A be the maximal split torus in SL,,(R) consisting of n xn
diagonal matrices with positive diagonal entries and determinant one.

Lemma 9.1. The action of A x R™ on M is nonproper.
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Proof. Since SL,,(R) = K AK, it follows that G = K (A x R")K. So every sequence
in G has a bounded perturbation in A x R™. O

The next lemma was proved in [AS97| Lemma 6.2].

Lemma 9.2. Let X € sl,(R)\{0} and let v € R™. Let mg € M. Assume that
every row of X wvanishes except the first. Assume that every entry of v vanishes
except possibly the first. Then X + v & gy, -

Lemma 9.3. The action of R™ on M is nonproper.

Proof. By Lemma [l there exists a nonproper sequence g; in A x R". By
Lemma 2 we may assume that g; has bounded conformal factors. For all i,
choose a; in A and v; in R™ such that g; = a;v;.

For j,k € {1,...,n}, let E;; be the matrix with a one in the (j, k) entry and
zeroes everywhere else. Let u; be the vector in R™ with a one in the jth entry and
zeroes everywhere else.

If {a;} has a convergent subsequence, then after passing to this subsequence and
making a bounded perturbation, we conclude that v; is a nonproper sequence; this
would imply that R™ is nonproper on M, and we would be done. We may therefore
assume that a; — oo in A. ' 4

For each i and each j € {1,...,n}, let al be the (j,7) entry of a; and let v} be
the jth entry of v;; note that a{ > 0. Reordering coordinates (if necessary), we
may assume that a} — oo and a? — 0.

If a} — oo, then both (Adg;)u; = aju; and (Adg;)us = ajus go to infinity
and converge in direction to u; and ug, respectively. By Corollary 5] we conclude
that the span Ru; 4+ Rus is somewhere isotropic. By Lemma [6.1], a codimension-
one subspace in Ruj + Rug is contained in the stabilizer of some point, so R™ acts
nonproperly and we are done.

We assume then that a does not go to infinity. Passing to a subsequence, we
may assume that a} is bounded.

For all i, we have (Ad g;)F12 = (a} /a?)E12 — a}v}uq, which, after passing to a
subsequence, converges in direction. Choose X € RFEjs and u € Ruy such that
(Ad g;)E12 converges in direction to X + w.

Similarly, (Ad ¢;)E1s = (a} /a3)E13 — atviuq, which goes to infinity, and, after
passing to a subsequence, converges in direction to a vector Y +v for some Y € RFEy3
and v € Ru;.

We consider first the case X # 0. Because F12 and E13 are linearly independent,
X +wuand Y 4 v are as well. It follows from Corollary 5 and Lemma that we
can choose my € M and s,t € R such that s(X + u) + ¢(Y +v) € gm,\{0}. Let
Z :=sX +tY and w := su + tv.

Then Z 4+ w € gm,\{0} and Z € RE13 + REyj3 and w € Ruy. So, all but
the first row of Z vanishes and all but possibly the first entry of w vanishes. In
this case, by Lemma [02] we must have Z = 0. Thus we obtain a nontrivial
(hence noncompact) stabilizer for the R™-action, so R™ acts nonproperly, as desired,
provided that X # 0.

A similar argument works when Y # 0. We may therefore assume that X =
Y = 0. Since (a}/a3)E13 — ajviuy converges in direction to Y +v = v € Ruy, it
follows that (a}/a?)/(atv3) — 0.
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As X =0, it follows that X +u = u € Ruy. So (Ad g;)E12 converges in direction

to u1. Now, for all 4, we have (Ad g;)Ea3 = (a2/a?)Eas — a?v3us, and, since

(af/a)/(av]) = (ai /a})/(ajv]) — O,
we see that (Ad g;)(Fa3) converges in direction to us.
We therefore conclude, from Corollary LAl (with S := {Fj2, F23}), that the span
of u; and us is somewhere isotropic. By Lemma [61] this implies that a nontrivial

(hence noncompact) subgroup of R™ stabilizes some point of M. Thus R™ acts
nonproperly on M. O

10. CODIMENSION-ONE STABILIZERS IN R"

Fix an integer n > 2. Let M be a Lorentz manifold and let the Lie group G :=
SL,(R) x R™ act locally faithfully on M by conformal transformations. Suppose
that R™ acts nonproperly on M. (Eventually, we will show that this is impossible.)
In this section, we prove:

Lemma 10.1. The subalgebra R™ of g is somewhere isotropic.

Proof. By assumption, there is a nonproper sequence v; in R”. By Lemma [£2] we
may assume that v; has bounded conformal factors.

Fix a norm on R™. Choose sequences {w;} in the unit sphere of R” and {¢;} in
(0, 00) such that t; — oo and v; = t;w;. Passing to a subsequence, we may assume
that there is a unit vector wes such that w; — wee.

For X € sl,(R), let X :R" — R" be the corresponding endomorphism; we then
have

(Advz)X = X—|— [’Ui,X] =X —X’Ui =X —tz(f(wz)

For X € P:= {X € 5[,(R) | Xws # 0}, we conclude that the sequence {(Adv;) X };
goes to infinity, but converges in direction to X wsc.

Note that R” is the span of { Xw., | X € sl,(R)}, and therefore is also the span
of S := {Xwe | X € P}. Thus, by Corollary EZ5, we conclude that R™ is somewhere
isotropic, as desired. O

11. SOME REPRESENTATION-THEORETIC RESULTS

Roughly speaking, the lemmas in this section show that the Lie algebra
co(1,d — 1) x R? does not contain sly(R) x R? as a subalgebra. More precisely,
the following lemma, together with Lemma [T1.2] shows that there is no nonzero
linear map from sly(R) x R? to co(1,d — 1) x R? that preserves the Lie bracket of
elements of slz(R) with elements of R2. This fact will be used in §I4l

Lemma[dTTlwas proved in [AS97, Lemma 7.1]. LemmalT2was proved in [AS97]
Lemma 7.2] for so(1,d — 1) x R instead of co(1,d — 1) x R%, but the same proof
works for co(1,d — 1) x R%.

Lemma 11.1. Let b and § be Lie algebras and let W C b be a subspace that is not
contained in any proper Lie subalgebra of b. Let ¢ : W — b be a linear map. Let
ho be the smallest Lie subalgebra of b that contains ¢(W). Let V' be a vector space,
and let p : b — gl(V) be a representation. For all X € b, let X == p(X):V =V
be the endomorphism corresponding to X. Let b := p(b) C gl(V). Let ¢ : V — b
be a linear map. Assume, for all X € W, for allU € V', that

(11.1) [6(X), (V)] = (XU).
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Then
1. if p: b — gl(V) s irreducible and if v # 0, then ¢ : V — b is injective;
2. if 4 is injective, then b is a Lie quotient of ho, i.e., there exists a surjective
Lie algebra homomorphism o : ho — b; and

3. if Y is injective and if b is semisimple, then there exists a Lie algebra homo-
morphism ¢’ : b — by such that and X € b, for all U € V, we have

(11.2) [¢/(X),%(U)] = (XU).

Lemma 11.2. Let d > 1 be an integer and let h = co(1,d — 1) x RY. For all
X € slh(R), let X : R2 — R? be the linear map corresponding to X. Assume that
¢ : sla(R) — b is a Lie algebra homomorphism and that v : R? — b is a nonzero
linear map. Then there exist X € sl3(R) and U € R? such that [¢(X),y(U)] #
Y(XU).

12. JETS OF VECTOR FIELDS OF CONFORMAL ACTIONS

Let g be the metric on a pseudo-Riemannian manifold M and let mg € M. Let
N be a neighborhood of zero in T),, M such that exp,, |N is a diffeomorphism onto
a neighborhood My of mg. Let g := exp;;, (g). Let g be the flat pseudo-Riemannian
metric on T;,, M corresponding to the inner product gm,, on T, M.

The following two results are straightforward facts about the calculus of vec-
tor fields, and are proved in [AS97]. The statements are reproduced here for the
convenience of the reader.

Lemma 12.1. g and G agree to order one at zero.

Lemma 12.2. Let X be a vector field defined near zero in a vector space V.. Then
for any k > 0, there exist vector fields Xo,..., X, and R on V such that X; is
homogeneous of degree i, R vanishes to order k at zero, and X = Xo+-- -+ X+ R
on a neighborhood of zero.

Let G be a connected Lie group acting locally faithfully on a connected pseudo-
Riemannian manifold (M, g). Fix mg € M. Let N be a starlike neighborhood of
0 in T}, M such that exp,, is defined on N and exp,, is a diffeomorphism of N
onto a neighborhood My of mg in M.

Let &y : Gy, — R be the homomorphism defined by g(h.(v),h.(w)) =
[@(h)][g(v,w)], for all v,w € T,,,M, for all h € Gp,. Let GY,  be the kernel
of (I)o.

For all X € g, let X, be the vector field on M corresponding to X, and let
X = (exp;,h )« (Xar). For X € g, using Lemma [ZZ we can write X =Xo+X,+
XQ + Xk + X where Xc, XL, XQ, Xk are homogeneous of orders 0, 1, 2, and 3,
respectively, and X g vanishes to order three at zero.

Lemma 12.3. Assume that G acts on M by conformal transformations. Let T, U,
Xeg:

if U € gy, then Ug = 0;

if U egl, . then Uy € 50(gm,);

. *XLAe CO(ng);

if Uc = 0, then there exists a linear function f on N such that LUQE =f-g;

—_

IS
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5. ifUoc =0 and if T = [X,U], then
To =[Xco, U] and Ty =[X1, U] + [Xe, Ug);

6. if dim M > 3 and T;'C = ([L =0, then Uk =0;
7. if dimM >3 and Uc = U =0 and T = [X, U], then

Tc =0, TL = [Xc, UQ] and TQ = [XL, ﬁQ];

8. ifdim M >3 and Uo = U, = Ug = 0, then U = 0.
Proof. For any Z € g, let fZ be the C™ function on N satisfying L,(g) = fZ-q.
Let fZ, f# and fg be the constant, linear and quadratic parts, respectively, of fZ,
so fZ— f&—f¥ - fg vanishes to order two at zero.

Let gc :=g. By Lemma[12.1], g, = 0.

Proof of 1: Since U € gy, Unr vanishes at mg, so Uc = 0.

Proof of 2: Since U € g?no C gm,, we conclude that exptU € G, for all t € R,
and (exptU)x : Ty M — Ty M preserves gm,. Thus (exptU). € SO(gm,)-

Let W be the vector field of the flow

(t,v) = (exptU).v: R x Tppy M.

Then W € $0(gm,). Moreover, W agrees to order one with U at Z€ero, SO U,=W €

50(Grmo)-
Proof of 3: Taking the constant parts of both sides of the equation L ¢ (§) = fX.q,
we have

Lg, (9c) = f& - dc-
Since gc =g, we conclude that L g = &g, s0 X, e €0(Grmg)-
Proof of 4: We have Ly (g) = fY - g, so
f£ -gc + f& - g1 = Ly, (§c) + Ly, (91) + L, (90)-
Since §;, = 0 and Ug = 0, we have 7 40 = Ly, (gc). Since g = go, we are done.
Proof of 5: We compute Te = [X, Uc] + [X¢, Ur] and
TL = [XQ, UC] + [XL, UL] + [Xc, ﬁQ]
Since UC = 0, we are done.
Proof of 6: Taking the constant terms of both sides of the equation L (g) = fU-g
we get
f& -go = Ly, (§0) + Ly, (91)-
Since Ue = 0 and U, = 0, we conclude that f&-9c=0,50 f& =0.
Taking the quadratic terms yields
fo - ge+ 1 gu+ 18 - 9Q
= Ly, (90) + Ly, (9) + Ly, (9Q) + Ly (9x)-
Since gz, = 0 and f& = 0 and U, =0 and Ugc = 0, we see that fg -gc = Ly, (go)-
Replacing X by Uk, ¢ by gc, f by fQU and M by N in Lemma[5.3] we find that
U = 0. ) o o
Proof of 7: We compute Te = [ X, Uc] + [X¢c,Ur] and

Ty, = [Xq,Uc) + (X1, UL) + X0, Ug)
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and
To = [Xk,Ucl + [Xq, ULl + (X1, Ugl + [Xc, Uk].

We have Ug = Uy, = 0 by assumption. By 6 of Lemma [[2.3] we have Ug = 0, so
we are done.

Proof of 8: Replacing X by U, g by g, f by fU and M by N in Lemma [5.3] we
find that U = 0. Local faithfulness implies that U = 0. O

13. CONFORMAL TRANSFORMATIONS OF FLAT LORENTZ SPACE

Let (-, -) be a nondegenerate symmetric bilinear form on a vector space V. For
v €V, let C? be the constant vector field on V' corresponding to the vector v, i.e.,
CY = [d/dt]s=o[w + tv]. Let g be the constant Lorentz metric on V' corresponding
to g, i.e., g(C¥,C") is the constant function on V with value g(v, w). Note that for
constant vector fields C = C?, C" = C", we have Lcg =0 and [C,C'] = LcC’' = 0.

Let R be the radial vector field on V defined by R,, = [d/dt]i—o[w + tw]. Let
q : V — R be the quadratic form defined by ¢(v) = g(v,v). Forv € V, let f* be the
linear function on V defined by f¥(w) = g(v,w). Let Q¥ := f*R — (¢/2)C". Note
that C* fv is the constant function with value g(v,w). Moreover, Lcw R = C* and
C%q=2f".

Lemma 13.1. For allv,w € V, [C¥, Q"] = g(v,w)R + f'C¥ — f¥C".
Proof. We compute:
[C*, Q] =[C", 'R — (q/2)C"]
= (CYf)R+ f[C", R] = (1/2)(C*q)C" — (¢/2)[C*, C7]
=g(v,w)R+ frC* — fvCc’. O
Lemma 13.2. For all constant vector fields C and C' on V and all vector fields
X onV, we have (Lxq)(C,C") = C(9(X,C") + C'(9(X, C)).
Proof. We compute:
(ny)(cv Cl) = X(y(cv Cl)) - g([Xa C]v C) - y(ca [Xv Cl])
=9([C, X],C") +3(C,[C", X]) = C(7(X, ) + C'(9(C, X)),
since g(C,C') =0, Lcg = L,g =0 and LcC' = 0. O
Lemma 13.3. For allv € V, we have Lgvg =2f" - g.
Proof. Fix v,w e V.
(L@vg)(C*,C") = Qu(g(C*,C")) — 2g(Lq-C*, C*)
=2g(g(v,w)R + f'C* — fC",C")
=2g(v,w)g(R,C") + 29(f°C*, C*) = 2g(f*C",C")
=2g(C",C)f* +2fg(C",C") — 29(C*, C*) f*
=2fg(Cv,Ccv). O

Lemma 13.4. For every linear function f on V, there is a unique quadratic vector
field @ on' V' such that Logg = f 9.
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Proof. For any linear function f on V, there exists v € V such that f = 2f", so
existence follows from Lemma [[3:3]

It remains to prove uniqueness. Assume that @ is a quadratic vector field on
V and Lgg = 0. The flow of @ fixes the origin (zero) in V and fixes every tan-
gent vector at zero. It is also a flow by isometries, so it preserves the Levi-Civita
connection of g. Therefore, it fixes all the rays out of zero, and therefore fixes all
points in V', since V is starlike about zero. Thus @ = 0. |

Corollary 13.5. Suppose that Q is a quadratic vector field on V. Then the fol-
lowing are equivalent:

1. There exists f € C> (V') such that Log= f - .
2. There exists v € V' such that Q = Q".

Proof. (1) implies (2): Because @ is quadratic and g is constant, Lgg is linear.
But Log = f -G, so f is linear, and so there exists v € V such that f = 2f". By
Lemma [I33] we have Lgeg =2f"-g = f 9= Lgg. By Lemmall34] we conclude
that Q = Q".

(2) implies (1): This is immediate from Lemma 33 O

Corollary 13.6. For any v,w € V, [QY,Q™] = 0.

Proof. The result follows from a straightforward calculation (or from Lemma
for dimV > 2). O

14. RESTRICTIONS ON STABILIZERS

Suppose G := SLy(R) x R? acts locally faithfully by conformal transformations
of a connected Lorentz manifold (M, g). Throughout this section we assume that
G N SLy(R) is compact for all m € M.

For all X € sly(R), let X : R?2 — R? be the corresponding linear map.

Fix mo € M. Define Ey : G — M by Ey(g) = gmgo and let eg : g — Tipy M be
the differential at 1¢ of Ejy.

Fix a starlike neighborhood N of 0 € T;,,,M such that exp,, is defined on N
and exp,,, is a diffeomorphism of N onto a neighborhood My of mgy in M. For
X € g, let Xy be the conformal Killing vector field on M corresponding to X, and
let X := (exp;,}).(Xar).

Since N C T,,,M is a neighborhood of 0, there is a natural identification of
ToN C T(Tm,M) with Tp,,,M. In particular, if Y is a vector field on N, then
Yp € ToN can also be considered as a vector in T,,,M. We will freely make such
identifications without further comment.

For all v € T,,,, M, let CV be the constant vector field on T,,,M corresponding
to the vector v, i.e., Cy = [d/dt];=o[w + tv]. Let R be the radial vector field on
TmoM defined by R, = [d/dt]i=o[w + tw]. Let g be the quadratic function on
T M defined by g(v) = gm, (v,v). For v € T,,, M, let f¥ be the linear function on
Timo M defined by f¥(w) = gm, (v, w). Let Q¥ := f*R — (¢/2)C".

The natural identification of T;,,, M with T'(T,,, M) yields a natural identification
between linear maps from 7,,,M to T,,,M and linear vector fields on T,,,M, as
follows: a linear map X : T),,M — T,,,M defines a linear vector field X by the
rule X,, = —Xwv; conversely, a linear vector field Y on T,,,M defines a linear map
Y : TyoM — T, M by the rule Yv = —Y,. This identification is an isomorphism
of Lie algebras. To avoid a proliferation of notation, we will use this identification
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without further comment. Note that the radial vector field R is the vector field
associated to the linear map —1I.

For any subspace S of T,,,M, let gl(S) be the Lie algebra of linear maps S — S.
Note that, using the identification of linear maps with linear vectors, for any X €
gl(S) and v € S, [X,CV] = CXv.

A subspace S of T,,,M is degenerate if g,,,|S is degenerate; otherwise, S is
nondegenerate. The subspace {0} is considered to be nondegenerate.

For any nondegenerate subspace S C T,,,M, let S* be the orthogonal com-
plement to S. Let tg : S — T, M be the inclusion map and let 7g : T,,, M =
S @ S+ — S be the orthogonal projection map. For any linear map L : S — S+,
let L* : S — S be the adjoint map.

Let s50(S) C gl(S) be the collection of linear maps S — S that infinitesimally
preserve gm,|S. Let Is be the identity transformation on S. Let co(S) := s0(S) +
RIs.

For any nondegenerate subspace S C T, M, let cog(S) be the collection of
quadratic vector fields @ on S such that Lg(gm,|S) = f - (gm,|S) for some f €
C*(NNS). Then cog(S) is normalized by co(S) and, by CorollariesI3.6 and [3.5]
is Abelian. Let c0.(S5) := co(S) x cog(S).

It S € T,,,M is a nondegenerate subspace and if A : T,,,, M — T}, M is a linear
map, then define

ULg(A) :=mgo0Aorg:S— S,

URg(A) :==mg0Aoig : S+ — S,

LLg(A) :=7mgroAoug: S — S+,
(4) =

groAoig : St — St

In these definitions, “UL” stands for “upper left”, “UR” for “upper right”, “LL”
for “lower left” and “LR” for “lower right”.

Lemma 14.1. Let So C T,,,M be a nondegenerate subspace. Let dy := dim Sy.
Then co0.(So) is Lie algebra isomorphic either to co(d)x R% or to co(1,do—1)x R%.

Proof. Depending on the signature of the nondegenerate form g, |So, c0(Sp) X So
is isomorphic to either co(dg) x R or co(1,dg — 1) x R%, so it suffices to show that
c0.(Sp) is isomorphic to co(Sp) x Sp.

Define F : co(Sp) X So — ¢0.(Sp) by F(X,v) = X + Q. Then F is a Lie algebra
isomorphism. O

Lemma 14.2. Let S C T,,,M be a nondegenerate subspace. Let A € so(T,M).
Then

1. ULg(A) € s0(S);
2. LRg(A) € 50(St); and

Proof. Since A € so(T},, M), it follows that A+ A* =0, so ULg(A)+ULg(A*) =0.
Because ULg(A*) = ULg(A)*, we get ULg(A)+ULg(A)* =0, so ULg(A) € s0(S),
proving 1.

The proof of 2 is similar to the proof of 1.
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It remains to prove 3. Since A + A* = 0, we have
URs(A) + URs(A*) =0.
Since URg(A*) = LLg(A)*, the result follows. O

Lemma 14.3. Let S C T,,,M be a nondegenerate subspace. Let A € co(Tn,M).
Then

1. ULs(A) € co(S);

2. LRs(A) € co(S1); and
Proof. Since A = A’ + oI for some a € R and A’ € so(T,,,M), the result follows
by a simple computation from Lemma O

Lemma 14.4. Let S C T,,,M be a nondegenerate subspace. If A,B : Ty, M —
TimoM are linear maps and URg(B) =0 and LLg(B) = 0, then

LRs([A, B)) = [LRs(A), LRs(B)].

Proof. By matrix multiplication, we have

LRs(AB) = LLs(A4) - URs(B) + LRs(A) - LRs(B)
= LRg(4) - LRs(B),
LRs(BA) = LLs(B) - URs(A) + LRs(B) - LRs(4)

= LRs(B) - LRg(4),
so LRg(AB — BA) =LRs(A) - LRg(B) — LRs(B) - LRg(A), as desired. O

Lemma 14.5. Let S C T,,,M be a nondegenerate subspace. Let v € S+ and
w € S. Then LRs(f*C"™) =0 and LRs(f*C") = 0.

Proof. We have (f*C")(S) CRw C S, so wg1 o f*C® =0. Thus LRg(f*C") = 0.
Similarly, S+ C (Rw)* C ker f¥C?, so f*C?o1g1 = 0. Thus LRg(f¥C?) =0. O

Lemma 14.6. If U € R? C g = sl5(R) x R? and if U € g, then U € gj, .

Proof. By hypothesis, recall that G,y,, NSL2(R) is compact. Since U € R?, ady(U) :
g — ¢ is nilpotent, so {Adg(exp(tU)) |t € R} C GL(g) consists of unipotent trans-
formations. By Lemmal6.4 we are done. O

Lemma 14.7. There is a nondegenerate subspace S C eg(sl2(R)) such that no
proper Lie subalgebra of sl2(R) contains e (9).

Proof. If eg(sl2(R)) is nondegenerate, then we can set S := eg(slz(R)). We therefore
assume that eg(sl2(R)) is degenerate.

Since eg(sl2(R)) is a degenerate subspace of the Minkowski space Tpp,, M, it must
be positive semidefinite with one-dimensional kernel.

Let S be the topological space of all codimension-one subspaces of eg(sl2(R)).
Let &1 be the collection of nondegenerate elements of S € S. Any subspace of
eo(sl2(R)) that does not contain the one-dimensional kernel of g, |eo(sl2(R)) is
nondegenerate, so S is open and dense in S.

Let K := G, N SL2(R). Recall that throughout this section we are assuming
that K is compact. Let S be the topological space of codimension-one subspaces
S C sly(R) such that € C S. Define e, : S — S by e*(S) =eo(S). Thene, : S — S
is a homeomorphism, so e; !(S;) is open and dense in S.
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Let 32 be the set of codimension-one subspaces S C sl5(R) such that ¢ C S and
no proper Lie subalgebra of sly(R) contains S. It suffices to show that Sy Neg ' (S1)
is nonempty.

If ¢ # {0}, then K is a maximal compact subgroup, and therefore a maximal
proper subgroup of SLy(R). In this case, if S € &, then ¢ - S C sl(R), so
maximality of € among proper Lie subalgebras of sly(R) implies that S € S;. Thus
S =8.

If £ = {0}, then S is the set of all codimension-one subspaces of sly(R). The
collection 7~ of codimension-one Lie subalgebras of sly(R) is a proper algebraic

S}leGtAOfAS , and so we conclude that T is closed and nowhere dense in S. Since
Sz = S\7, we are done. O

Lemma 14.8. If X,U € g, then U (Xo) = [Ur, X¢lo, where Uy is considered as
a linear map on the left-hand side of the equation, and as a linear vector field on
the right-hand side.

Proof. Let v := Xy. Since CV = X¢, we get Up(v) = (CUL(U))O = [U1,C"]o =
[UL, Xc)o- [l
Lemma 14.9. Assume that R? C g,,,. Then for all X € sly(R), for all U € R?,
we have [Ur, Xc| = 0.

Proof. Let T := [U, X]. Then 7' = [U, X] and Tc = [Ur, X¢] + [Uc, X1]. Because
T,U € R? C g,,,, we see that 7" and U both vanish at zero, so T¢ = Uc = 0. Thus
[UL,Xc] =0. O
Lemma 14.10. Assume that R? C G,,,. Then, for all X € sly(R), for all U € R?,
we have Ur(Xo) = 0.

Proof. By Lemmal[T4.9] [UL, Xc] = 0, while, by Lemma[T4.8, UL(X'O) = [UL, Xc]o-
[l
Lemma 14.11. If v,z € T,,,M, then f*C* — f*C? € s0(Tyn, M).
Proof. We compute that (f*C*)* = f*C? and (f*C")* = f*C*. This implies that
(J7C7 = J7C7) = —(J°C* - J*CY),

so fUC?® — f*C% € so(Tyo M). O
Lemma 14.12. Assume that R? C G,,,. Then for all U € R?, for all v € T,,,M
and all x € ey(slz(R)), if Ug = Q, then gm,(v,z) = 0.
Proof. Choose X € slo(R) such that = = X, = eo(X). Then C* = Xc. Let
T:=[X,U] = XU € R?,

Lemma [TZ0 implies that 7' € g9, . Thus Ty, € 50(Tmo M) by 2 of Lemma 23]
Moreover, [X1,, Ur] € [c0(Tmo M), co(Trng M)] = 50(Tpny M).

By 5 of Lemma[12.3] we have T, = [X1, U] + [X¢, Ug]|. Since Tt € 50(T), M)

and [X1,UL] € s0(Ty,, M), we conclude that [X¢, Ug] € s0(Tp, M).
By Lemma [I3.1], we have

[(Xe,Ug] = [C%, Q%] = g, (v, )R+ fCT — f2C°.
By Lemma [[ZTT] f*C”* — f*C" € so(T)n, M).
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We conclude that g, (v,2)R € s0(Tp,M); but AR € so(T,,, M) if and only if
A =0, 80 gm,(v,z) =0. O

Lemma 14.13. Assume that dim M > 3. IfR? C G, then there exist a nonde-
generate subspace So C Ty M, a subspace W C sla(R) and linear maps ¢ : W —
c0.(So) and 1 : R? — c0.(So) such that 1) # 0, no proper Lie subalgebra of sla(R)
contains W and, for all X € W and all U € R?,

[6(X), »(U)] = »(XU).
Proof. Choose S C eg(slz(R)) as in Lemma [47 For U € R?, it follows from
Lemma [IZT0 that Uy, | eo(sl2(R)) = 0,80 Ur|S = 0. Then ULg(Ur) = LLg(UL) =
0. Since U € gy, it follows from 1 and 3 of Lemma [[2Z3] that Uc = 0 and Uy, €
¢0(Tpmy M). Since LLg(Uz) = 0, it follows from 3 of Lemma [[Z3] that

URg(U) = —LLg(U)* = 0.

By 4 of Lemma [Z3, Ug € coq(Tym, M) for all U € R, By 3 of Lemma [Z3]
X1, € co(Tm, M) for all X € sly(R).

We now consider the special case LRS(UL) =0 for all U € R?. In this case, let
So = TyngM and W := sl5(R). We define ¢ : W — ¢0.(Sp) and v : R? — co0.,(Sp)
by ¢(X) = X1, and 9 (U) = Ug.

For U € R2, we know that ULg, URg, LLg and LR all vanish on Uy, so U, = 0.

By 8 of Lemma [Z3], v is injective. By the third result in 7 of Lemma [TZ3]

[6(X), ¥(U)] = [XL,Uq] = ¥([X, U)),
for all X € sly(R) and for all U € R?, as desired, concluding the special case.

We therefore assume that LRg(U?) # 0 for some U° € R2. Let Sy := S+ and
W = eal(S). By Lemma 47 no proper Lie subalgebra of sl3(R) contains W.
Since c0(Sp) C c0.(Sp), it suffices to find maps ¢ : W — co(Sp) and ¢ : R? — co(Sp)
such that ¥ # 0 and [¢p(X),y(U)] = »(XU) for all X € W, for all U € R2.

For all X € sly(R), we have X, € co(T},,M); applying Lemma[T4.3, we conclude
that LRg(X1) € co(Sp). Similarly, U € co(T,, M) for all U € R?; applying
Lemma [TZ3 once more, we conclude that LRg(Uz) € co(Sp).

Define ¢ : W — ¢0(So) and v : R? — ¢0(Sp) by ¢(X) = LRg(X) and ¢(U) =
LRs(UL). Then ¢(U°) # 0, so ¢ # 0.

Fix X € W and U € R?. Let T := [X,U] = XU. We wish to show that
[0(X),¢(U)] = ¢(T). That is, we wish to show that [LRg(Xy),LRs(UL)] =
LRs(T%). A o o

By 5 of Lemma 2.3, Ty, = [X.,UL] + [X¢, Ug)-

We have T = XU € R?> C g,,,- By Lemma [I4.0, we get T € g, and
it follows, from 2 of Lemma I3} that 77, € so(Ty,M). Moreover, [X1,Ur] €
[co(Tro M), co(TryM)] = s0(Tpm,M). Therefore,

(Xo,Ug) = Tr, — [X1,UL] € 50(T), M).

Since Ug € cog(Tm, M), by Corollary [[3.5, we may choose v € Ty,, M such that
QY = UQ. Let w := Xo, so that X¢o = Cv.

Since X € W = e '(S), we see that w € S. Since S C eg(slz2(R)), it follows from
Lemma [TZ12 that g(v,z) = 0, for all x € S. Thus v € S+ = S;. Since w € S, we
conclude that g(v,w) = 0.
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By Lemma T3], we have
[(Xo,Ug) = [C¥, Q%] = g(v,w)R + f'C™ — fUC? = f'C¥ — fUC".

Thus TL = [XL, ﬁL] + [Xc, ﬁQ] = [XL, UL] =+ fUCw — f“’C”.

Applying LRgs to both sides of this, and using Lemma [TL£5 we get LRS(TL) =
LRS([X'L, UL]) Finally, replacing A by X1, and B by U, in Lemma [Z4] we get
LRs([ XL, UL])A: [LRS(XL)A7 LRS(UL)J.

Thus LRs(7%) = [LRs(XL),LRs(UyL)], as desired. O

Note that in the proof of the following lemma, ¢ is only linear, and cannot be
used in Lemma TT2.

Lemma 14.14. If dim M > 3, then R? cannot be contained in G, .

Proof. Assume for a contradiction that R? C G,,,. Let p be the standard repre-
sentation of b := sly(R) on V := R2. Then b := p(b) is isomorphic to b. Let ¢, v,
Sp and W be as in Lemma [[4.13]

Let do := dim Sp. By Lemma [[41] b := c0.(Sp) is isomorphic either to so(dp) x
R% or to so(1,dy — 1) x R9%. By 1 of Lemma[IT.Il we see that 1 is injective. By 2
of Lemma [Tl we see that b is a subquotient of g. Since b is isomorphic to sly (R),
we conclude that g cannot be isomorphic to so(dp) x R%. Thus g is isomorphic to
s0(1,dy — 1) x R,

Choose ¢’ as in 3 of Lemma [Tl Replacing ¢ by ¢’ and d by dj in the statement
of Lemma [MT2, we arrive at a contradiction. O

15. CONCLUSION

Theorem 15.1. Let n > 3 be an integer. Assume that G := SL,(R) x R™ acts
locally faithfully by conformal transformations of a Lorentz manifold M. The action
of G on M 1is proper.

Proof. Suppose that the G-action on M is nonproper. We wish to obtain a contra-
diction.

By Lemma [T0.1] there exists mg € M such that R™ is isotropic at mg. By
Lemma [6.1] the stabilizer G,,, of mg contains a codimension-one subgroup of R";
since n > 3, we see that G, contains a two-dimensional subspace S of R".

By Theorem B2l the action of SL,(R) is proper, and therefore has compact
stabilizers. Since n > 3, every compact subgroup of SL, (R) has codimension > 3,
so dim(M) > 3.

Let S’ be any vector space complement to S in R™. Then SL(S) injects into
SL(S) x SL(S’), which, in turn, injects into SL,(R). Thus SL(S) x S injects into
G.

Since S is two-dimensional, SL(S) x S is isomorphic to SLa(R) x R2. We there-
fore obtain an injective homomorphism SLy(R) x R? — G such that R? maps onto
S. Thus SLa(R) x R? acts on M, the restriction to SL2(R) has compact stabilizers
and there exists mg € M such that R? C G,,,. This contradicts Lemma[IZI4 O

REFERENCES

[A99] S. Adams. Induction of geometric actions. preprint, 1999.
[AS95] S. Adams and G. Stuck. The isometry group of a compact Lorentz manifold, I. In-
vent. Math. 129 (1997), no. 2, 239-261. MR, 98i:53092


http://www.ams.org/mathscinet-getitem?mr=98i:53092

3936

[AS97]
[HelgT78)]
[KN63]
[Kow96]
[Thur74]
[Var74]
[Gro8s)

[Zeg95]

SCOT ADAMS AND GARRETT STUCK

S. Adams and G. Stuck. Isometric actions of SL,(R) x R™ on Lorentz manifolds.
preprint, 1997.

S. Helgason. Differential Geometry, Lie Groups and Symmetric Spaces. Academic Press,
1978. IMR. 80k:53081

S. Kobayashi and K. Nomizu. Foundations of Differential Geometry, Volume I. Inter-
science Publishers, New York, 1963. MR 97c¢:53001

N. Kowalsky. Noncompact simple automorphism groups of Lorentz manifolds and other
geometric manifolds. Ann. of Math. (2) 144 (1996), no. 3, 611-640. MR 98g:57059
W. Thurston. A generalization of the Reeb Stability Theorem. Topology 13 (1974), 347-
352. MR 58:8558

V. S. Varadarajan. Lie Groups, Lie Algebras, and Their Representations. Springer-
Verlag, New York, 1974. MR 51:13113

M. Gromov. Rigid transformation groups. In: Géometrie différentielle, Travauz en
cours, 33, Hermann, Paris, 1988. MR 90d:58173

A. Zeghib. The identity component of the isometry group of a compact Lorentz manifold.
Duke Math. J. 92 (1998), no. 2, 321-333. MR 98m:53091

SCHOOL OF MATHEMATICS, UNIVERSITY OF MINNESOTA, MINNEAPOLIS, MINNESOTA 55455

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF MARYLAND, COLLEGE PARK, MARYLAND 20742


http://www.ams.org/mathscinet-getitem?mr=80k:53081
http://www.ams.org/mathscinet-getitem?mr=97c:53001
http://www.ams.org/mathscinet-getitem?mr=98g:57059
http://www.ams.org/mathscinet-getitem?mr=58:8558
http://www.ams.org/mathscinet-getitem?mr=51:13113
http://www.ams.org/mathscinet-getitem?mr=90d:58173
http://www.ams.org/mathscinet-getitem?mr=98m:53091

	1. Introduction
	2. Global definitions
	3. Miscellaneous algebraic results
	4. Nonproper conformal actions
	5. Conformal flows and transformations
	6. Dynamics on Lorentz manifolds
	7. Properness of SL3(R)
	8. Properness of SLn(R)
	9. Actions of SLn(R)Rn
	10. Codimension-one stabilizers in Rn
	11. Some representation-theoretic results
	12. Jets of vector fields of conformal actions
	13. Conformal transformations of flat Lorentz space
	14. Restrictions on stabilizers
	15. Conclusion
	References

